The memristor is a new-found circuit element and its applications in programmable circuits are also under study. Analysis of most of its combinations with other circuit elements such as resistors, capacitors, and inductors does not exist. In this work, a TiO 2 memristor model with linear dopant drift speed is used and the solution of a TiO 2 memristor and capacitor series circuit driven by a constant voltage source is given. It is then used to analyze a novel M-C oscillator circuit. In previous programmable oscillator studies, the memristance of the oscillator was assumed to be constant. However, in this study, the analysis of the M-C oscillator is done considering time-varying memristance and using the solution of the TiO 2 memristor and capacitor series circuit supplied by a constant voltage. In this work, a formula for calculation of the exact value of the M-C oscillator frequency is given. Minimum and maximum operation frequencies of the oscillator are also calculated.
Introduction
The memristor is a newly discovered circuit element, which was theoretically predicted and claimed to be the fourth circuit element in 1971 [1] . It has a relationship between its flux, which is its voltage integration with respect to time, and its charge, which is its current integration with respect to time. Therefore, its voltage to current ratio is dependent on the charge that passes through it. It is called memristance and has the same unit as resistance [1] . A memristor is similar to a nonlinear resistor but it has a memory, which a nonlinear resistor does not have. For a long time, the memristor was regarded as a theoretical work or a mathematical curiosity, since no memristor was found. In 2008, an HP research team declared that they found a memristor in nanoscale made of TiO 2 sandwiched between Pt contacts [2] and the memristor has become a new active research area. A review of memristors can be found in [3] . New kinds of memories can also be established using memristors. Analog applications of memristors are also under study [4] [5] [6] [7] [8] [9] [10] [11] [12] . Adjustable or programmable gain applications of memristors are inspected in [4] [5] [6] [7] [8] . Programmable oscillators, programmable Schmitt-trigger circuits, and programmable threshold comparators using memristors are also considered in [5] . The memristor is a new circuit component. Solutions of its combinations with other circuit components are not always readily available. In [12] , some properties of memristors were explained. Series TiO 2 memristor-capacitor circuits without a power supply were also analyzed in [12] . However, series TiO 2 memristor-capacitor circuits with a * Correspondence: rmutlu@nku.edu.tr constant voltage supply have not been analyzed in the literature yet. In this work, a solution is found and used to analyze a relaxation oscillator with a TiO 2 memristor.
The paper is arranged as follows. In the second section, the TiO 2 memristor model is given. In the third section, a series memristor-capacitor circuit with a DC supply is analyzed. In the fourth section, the solution is used to analyze a relaxation oscillator with a memristor. The results are summarized in the conclusion section.
Charge-dependent TiO 2 memristor
A memristor can be modeled as either charge-or flux-dependent [1] . In this work, the charge-dependent model of a TiO 2 memristor with linear dopant drift speed is used. The memristor model given by the HP research team is linearly dependent on memristor charge [2] and their memristance formula is:
whereR OF F is the resistance if the memristor region were fully undoped, R ON is the resistance if the memristor region were fully doped, D is the total length of the memristor, andµ V is the mobility of oxygen atoms in the memristor.
The memristor memristance can also be written as
where M (q) is the memristor's memristance, M 0 is the maximum memristance or the zero charge memristance, K is the memristance charge coefficient, and q is the memristance instantaneous charge.
If the memristor is saturated, its memristance is equal to
where q sat is the saturation memristance charge.
If the memristor is not saturated,
Memristance charge is the integration of its current with respect to time and it is equal to
where q(0)is the initial charge of the memristor.
M-C series circuit with a constant voltage
Analysis of the memristor-capacitor series circuit driven by a constant voltage source is done in this section.
If a constant voltage is applied to memristor-capacitor series circuit, 
The memristor current is equal to the capacitor current:
Therefore, the following relationship can be written between the unsaturated memristor and capacitor charges:
where B is the integration constant, which can be found from the initial conditions:
Using B, Eq. (8) turns into
Pulling out the current,
Rearranging the differential equation,
Taking the integration of both sides of Eq. (16),
The integration constant A is found at t = 0:
Therefore,
This is an implicit function with respect to time. The memristor gets saturated at time t sat , which is equal to
It should be remembered that during saturation memristor charge is constant and equal to q sat . During saturation, the memristor behaves as a resistor. If the memristor is under saturation, the capacitor voltage is equal to
The capacitor charge is found as
The memristor current or the capacitor current is
The memristor voltage is
Even though the differential equation is solved, its solution is an implicit function. The nonlinear function can be evaluated numerically. For the circuit parameters given in Table 1 , the circuit is simulated. The circuit current, the memristor charge, the capacitor charge, and the memristor voltage are shown in Figures 2-5 . Parameter Value K 900,000,000 
M-C oscillator with TiO 2 memristor
Relaxation oscillators are commonly used in electronics. An oscillator can be made with a memristor as an R-C oscillator. Replacing one of the resistors in Figure 6 would produce a memristor oscillator whose frequency can be adjusted by the value of the initial memristor charge. In [5] , a programmable relaxation oscillator with a memristor was given. The oscillator of [5] is shown in Figure 7 . In this paper, a different relaxation oscillator is made by placing the memristor in series with its capacitor as shown in Figure 8 . Now the solution of the M-C series circuit can be used to analyze the relaxation oscillator. Although Eq. (21) is an implicit function, it helps us to find the exact solution of the frequency of the M-C oscillator given in Figure 8 .
The M-C oscillator shown in Figure 8 would switch its output from positive saturation voltage to negative saturation voltage at t = T e /2. Eq. (21) can be written also as a function of capacitor charge:
Eq. (25) is a nonlinear function with respect to time. However, the oscillator frequency can still be calculated.
At the end of first alternance, at t = T e /2, 
Also at t = T e /2, capacitor charge q c (Te/2) = -q c (0) = CV dc /2. Using this, Eq. (28) can also be written as
Then the frequency becomes
Using the initial memristor charge or Eq. (10),
or
Therefore, assuming that the memristor is not saturated, the oscillator frequency is found as a function of memristor parameters, capacitance, capacitor voltage, and memristor initial charge.
When K = 0, i.e. the memristor turns into a resistor with a value of M o , and the oscillator frequency is
Eq. (33) can be found in all books on operational amplifiers.
The change in memristor charge during oscillation is ∆q .
If the memristor is not saturated, the maximum oscillator frequency is obtained by making the initial memristor charge equal to zero. Then the maximum oscillator frequency is:
If the memristor is not saturated, the minimum oscillator frequency is obtained by making the initial memristor charge equal to the maximum memristor charge, q sat . In this case,
Then the minimum oscillator frequency is:
Therefore, when the memristor is saturated at q = q sat , the formulas are not valid anymore. Numeric methods must be employed for the solution of operation frequency.
Additionally, if we describe an effective memristance (or resistance) to make Eq. (32) similar to Eq. (33),
Eq. (32) can also be written as
The effective memristance depends not only on the memristor parameters and the initial memristor charge but also on the capacitance and the saturation voltage of the opamp. The memristor of the oscillator is prevented from going into saturation. Oscillator frequency is drawn for the given circuit parameters in Tables 1 and 2 as shown in Figure 9 . Since the memristor's memristance value can only take values between M o and M sat , the frequency can only take values between the minimum and maximum operation frequencies. The curve shown in Figure 9 is not available below the minimum frequency or above the maximum frequency. The domain of the oscillator operation frequency is
The oscillator is simulated for q(0) = 0 and the parameters given in Tables 1 and 2 . Its waveforms are shown in Figures 10-17 . 
Conclusion
An M-C series circuit with TiO 2 memristor driven by a constant voltage source is analyzed. An implicit function is found for memristor charge or capacitor charge versus time. The implicit function is evaluated numerically to find currents and voltages of the circuit elements and the memristor charge. It is also shown here that the solution can be used to analyze an M-C relaxation oscillator. A more detailed analysis of the M-C oscillator should also be done in the future. The M-C series circuit solution may also find usage in analyzing different types of nonlinear oscillator circuits having M-C series circuits in the future. For a nonlinear element like a memristor, it is important to have exact solutions as those solutions of combinations of the linear circuit elements such as R-C, R-L, L-C, R-L-C, etc. already exist. Memristor combinations with the linear circuit elements M-R, M-C, M-L, etc. for different types of sources and connections should also be analyzed in detail so that the memristor, the new circuit element, can be used to the full extent. There is not much information about the effects of process and temperature variations on TiO 2 memristors available in the literature [13] [14] [15] [16] [17] [18] [19] [20] . When more data on TiO 2 memristors become available, their effects on oscillator performance can also be inspected using the M-C oscillator analysis given here.
